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Abstract

The paper describes a general method for analysis of time courses of transmembrane voltage induced by time-varying electric fields.
Using this method, a response to a wide variety of time-varying fields can be studied. We apply it to different field shapes used for
electroporation and electrofusion: rectangular pulses, trapezoidal pulses (approximating rectangular pulses with finite rise time),
exponentia pulses, and sine(RF)-modulated pulses. Using the described method, the course of induced transmembrane voltage is
investigated for each selected pulse shape. All the studies are performed at different pulse durations, each for both the normal
physiological and the low-conductivity medium. For al the pulse shapes investigated, it is shown that as the conductivity of extracellular
medium is reduced, this slows down the process of transmembrane voltage inducement. Thus, longer pulses have to be used to attain the
desired voltage amplitude, as the influence of the fast, short-lived phenomena on the induced voltage is diminished. Due to this reason,
RF-modulation in such a medium is ineffective. The appendix gives a complete set of derived expressions and a discussion about possible
simplifications. © 1998 Elsevier Science S.A.
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1. Introduction

Exposure of a biological cell to electric field can produce a variety of profound biochemical and physiological responses.
Most of these responses are based on the modification of transmembrane voltage by the applied electric field [1-4]. If the
field strength exceeds a certain threshold value, this can lead to pore formation in the membrane (electroporation) or fusion
of adjacent cells (electrofusion) [5,6]. Nowadays, these phenomena are widely used in different applications, such as gene
transfection [7], preparation of monoclonal antibodies in immunochemistry [8], and electrochemotherapy of tumors [9]. For
optimal effects of such applications, one must select the appropriate shape, duration and amplitude of the applied electric
field. Thisis only possible if the dynamics of transmembrane voltage induced by such a field can be evaluated.

If a spherical cell with no surface charge is exposed to a DC field, the steady-state value of transmembrane voltage AD,,
is calculated by solving the Laplace partial differential equation, which governs static electric fields and reflects their
conservative properties. This approach yields the solution in form of the expression:

A, =fERcos 0 (1)
where E is the strength of the electric field (which has to be DC for this expression to be valid), R is the cell radius, 6 is
the polar angle measured with respect to the direction of the field, and f is a function reflecting the electrical and
geometrical properties of the cell [10]:

f 34,[3dR2,; + (3d2R— d®) (A, — A))] 2
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2R3( A, + 2A0)(Am + E)\i) —2(R—d)* (A, — Ay (A — Ay)
where A;, A,, and A, are the conductivities of the cytoplasm, cell membrane, and extracellular medium, respectively, R is
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Fig. 1. The model on which the calculations were based. The cell is a sphere with radius of R, enclosed by a membrane of uniform thickness d. External
electric field is homogeneous and retains its orientation, though its strength E changes with time. Specific conductivities and permittivities are attributed to
regions occupied by cytoplasm (A;, &;), membrane (A, &,,) and extracellular medium (A,, &)

again the cell radius, and d is the membrane thickness. The meaning of the parameters used in Eq. (2) is also illustrated in
Fig. 1.
Often, a further simplification is made by assuming A, << A;, A,, which reduces function f into a constant, f=3/2.
To analyze A®,, in response to a step turn-on of a DC field, Eq. (1) is sometimes modified, presuming the exponential
shape of the Ad,, in response to a step change of E:

AD, (1) =fERcoso[1—exp(—;_” (3)

where 7 is the time constant of the membrane given by Ref. [11]:

3 Rc,, 4
TT=T2x,4 R (4)
— A,
20, + A d

and c,, = &,,/d is the membrane capacitance, with &,, denoting the membrane permittivity.

The described time constant approach can also be used in the case of rectangular pulses, since the turn-off of the electric
field is again a step change. However, electric fields with shapes different from rectangular, such as exponential, or
RF-modulated, are often used. In these cases, a different approach to the evaluation is needed.

In this paper, we present a general method for analysis of time courses of transmembrane voltage induced by
time-varying fields, and we use this method to study the fields commonly used for electroporation and electrofusion: single
rectangular pulses, trapezoidal pulses (modeling rectangular pulses with rise time), exponentia pulses, RF-modulated
pulses, as well as trains of such pulses.

Two remarks should be made before we proceed with the discussion of the problem. First, since f and = are actually
functions, more rigorous rules of denotation would demand to imply this by writing the terms as f(A;, A, A,, R, d) and
7(A;, Ay, Ay €my R, d). For brevity, we avoid such denotation. Secondly, the calculations which lead to the described
equations are based on two assumptions: (A) cell shape is presumed to be spherical; for a majority of cell types in a
suspension, this is a fair approximation, but it does not hold for disc-shaped (e.g., erythrocytes) and rod-shaped cells (e.g.,
some types of bacteria); and (B) applied electric field is treated as homogeneous and defined as the ratio between the
applied voltage and the distance between the electrodes; this approximation is only valid if two parallel plates are used as
electrodes, and the distance between the plates is much smaller than the size of the plates; often, wire electrodes are used
instead (e.g., needle electrodes in poration of tissues in vivo), yielding a strongly nonuniform distribution of the field, which
can only be evaluated by means of numerical methods [12]. The two assumptions given by (A) and (B) provide the access to
the analytical approach and shall therefore be retained in the forthcoming calculations.
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2. Calculations

For the cases where electric field strength remains constant once the field is turned on, Eg. (1) can be used to give the
steady-state solution. If cytoplasm, membrane and extracellular medium were all purely conductive (having no dielectric
permittivity), this equation would also yield transmembrane voltage induced at any given moment in response to the
momentary value of electric field strength. Any material, however, demonstrates a certain amount of permittivity. * When it
is exposed to electric field, voltage induced on the material consists of two components; the first (due to the conductivity of
the material) is proportional to the electric field strength, while the other (due to the permittivity of the material) is
proportional to the time derivative of electric field strength [13]. In order to account for these permittivities, instead of
conductivities of the materials, the more general admittivity operators have to be used:

d
A=A+e— 5
S (5)
where d/(dt) is a differential operator that transforms a differentiable function y(t) into its time derivative (dy)/(dt).
By taking the function f and substituting A;, A,,, and A, for A;, A, and A, respectively, we obtain the following
expression:

. 34,[3dR%, + (3d?R— d®) (A, — A))]

1 - (6)
2R3(A,, + 2A0)(Am+ EAi) —2(R—d)’(A,— A,) (A —A)

F is afunction of three differentia operators (A;, A,,, and A,) and can thusitself be treated as a structured, higher-order
differential operator [14]. To avoid dealing with differential operators, we transfer the analysis into complex-frequency
space, where time derivatives are replaced by multiplication by the complex frequency (denoted by s). Here, the admittivity
operator is formulated as:

A=A+es. (7)
If the terms A,, A, and A, in Eq. (6) are written according to Eq. (7), and the result is then expanded, we get the
expression of the following type:

as’+a,s+a,

F(9) =4 e +b,5+b, ®
where

a, = 3dA,(A;(3R? — 3dR + d?) + A, (3dR — d?)), (9a)
a, =3d(( A&, + A,5) (BR? = 3dR+ d?) + (A&, + Ao8y) (3dR— d?)), (9b)
as = 3de,(&(3R? — 3dR+ d?) + &,,(3dR— d?)), (9c)
b1=2R3(Am+2AO)(Am+ %/\i) +2(R=d)% (A, — A) (A —Ay), (9d)
b2=2R3()\i(%8m+ 80) -l—)\m(%si +28m+280) + (g +26,) | +2(R—d)°

X(A(em—8,) + An(&— 28, + &) —A(&— &), (%)
b, = 2R%( &, + 230)(,9m + %ai) +2(R—d) (&, — &,) (& — ). (9f)

In the same manner as function f would be more consistently denoted as f(A;, A, A,, R, d), function F should be written
as F(A, Ay, Ao, &y &my &0 R, d, 9), thus, implying its dependence on all of these parameters. Again, for the brevity, we
choose to explicitly indicate only the dependence of F on s (since this is the only dynamic parameter for a single

' Theterm* permittivity’ implies the total permittivity of the material, i.e., the product of the relative permittivity of the material (e.g., &, aer = 81) and
the dielectric constant of the vacuum (&, = 8.854x 1012 A sV~ m™1).
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Fig. 2. The general principle used in the calculation of A, (t) induced by E(t). .2 represents the Laplace transform, and ! the inverse Laplace
transform. E(t) is first transformed into E(s), which is then multiplied by F(s) to give A&, (s)/R. The normalized time course AQ,(t)/R is then
obtained as the inverse transform.

caculation—for other parameters, numerical values are inserted). Based on Eq. (1) and the introduced modifications, the
relation between E and A®,, in the complex-frequency space is given by:

Ad, (s) =F(s)E(s)Rcoso (10)

where A, (s) and E(s) are Laplace (Heaviside) transforms of the time courses A, (1) and E(t), respectively, and F(s) is
given by Eq. (7).

The described approach allows the induced transmembrane voltage to be calculated for any time course E(t), provided
that it can be transformed into the complex-frequency space (i.e., provided that its Laplace transform E(s) exists). The
product F(s)E(s) represents AP, (s) a& 6 =0, normaized to the cell radius, and the inverse Laplace transform yields
A, (1) a =0, normalized to R. The concept of the method is sketched in Fig. 2. One then multiplies the expression by R
to scale the response, and by (cos 6) to obtain the spatial distribution of induced transmembrane voltage.

General solutions describing responses to rectangular, triangular, trapezoidal, exponential, and sine(RF)-modulated
pulses are given in Appendix A. In Section 3, we focus on specific time courses obtained from these solutions by insertion
of numerical values of the parameters.

The cosine distribution of A®,, on the cell membrane is retained in all cases and at any moment. Therefore, the
multiplicative term (cos 6) will be left out in further analysis (thus, we study A@,, a 6= 0). Also, for the clarity of
reasoning, values of the geometrical (R and d) and electrical parameters (A;, A, &, &y, and &,) will be kept constant
throughout the analysis. The only exception will be made for the extracellular medium conductivity (A,). While the
permittivity of the extracellular medium is mostly dictated by its prevalent constituent, i.e., water, the medium conductivity
strongly depends on the ionic concentrations in the medium. Since in different reports of experiments in vitro conductivity
of the medium varies for at least two orders of magnitude [15-17], we will consider two particular cases—a physiological
medium (with A, ~ A;) and a typical low-conductivity medium (A, < A;). Values of all the parameters are given in Table
1

Table 1

Values of eectric and dimensional parameters used in the calculations

Parameter Denotation Value

Cytoplasmic conductivity A 30x10"tsm-1a
Cytoplasmic permittivity £ 71x107°Asv imtP
Membrane conductivity Am 3.0x10"7Sm~1cd
Membrane permittivity &m 44x10"Asv-Im-te
Extracellular medium conductivity Ao 3.0x10"! Sm~* (physiological medium), 1.0x 102 Sm~* (low-conductivity medium)?
Extracellular medium permittivity £ 71x107°Asv im 1P
Cell radius R 10 um"

Membrane thickness d 5nm"

#Reported values range between 2.0x 107! Sm~! and 55x 10" Sm~1! [18-20].

oA typical permittivity of an agueous solution (relative permittivity = 80).

“Gascoyne et al. [21].

9From Hu et al. [22], using conversion method given by Arnold et al. [17].

®Measured values of relative membrane permittivity lie between 4.5 and 6.5 [21]; relative membrane permittivity of 5 correspondsto &, = 44X 10711 A's
V™1 m™%; asimilar result is obtained from the data on membrane capacitance—from c,,, =~ 10~2 F m~2 [17,23,22,24] we get &, = C,,d = 5.0x 1071 A
sVim1

"Set at equal value as A

9IReported values range from 1.0x 1072 Sm~?! t0 5.0x 1072 Sm™~ 1 [17,25-27]; many authors do not give the value of A,.

"Alberts et al. [28].
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3. Results and discussion

3.1. Rectangular pulses

Rectangular pulses are often used in electroporation and electrofusion [15,29,30]. It is sensible to first focus on A, (1)
induced by an ideal rectangular pulse, thus, elucidating the effect of electrical properties of the medium on the relation
between E(t) and A, (t). Then, by accounting for rise time of the pulse produced by a realistic generator, we can also
analyze the role of generator features.

The derivation of A@, (1) in response to an ideal rectangular pulse is given by Eq. (A7) in Appendix A. Fig. 3 shows
time courses of A®,, induced by three rectangular pulses with durations of 200 ns, 1 us, and 5 us, respectively, each of
them plotted for both a physiological and a low conductivity medium.

Fig. 3 shows that the induced transmembrane voltage is formed much slower when the medium conductivity is low.
Pulses longer than 10 us, however, suffice for A®,, to reach the steady-state value even in a low conductivity medium.
With such pulses, for a purpose of only evaluating this steady-state value (which still depends on the conductivities and
dimensions of the cell), the simpler Eq. (1) can be used.

3.2. Trapezoidal pulses (rectangular pulses with rise time)

Pulses produced by a realistic generator are always characterized by a certain rise time. To account for this, we presumed
the trapezoidal shape of the generated pulse (thisis certainly a simplification, since the course of E(t) during the rise timeis
generally nonlinear). The time course of A, in response to a trapezoidal pulse is given by Eqg. (A1l) in Appendix A.
Since rise times of modern pulse generators never exceed severa tenths of a microsecond, and the induced A®,, only
reaches a very small fraction of its final value during such a short time (presuming that the pulse duration is long enough to
obtain a substantial response, e.g., case (c) in Fig. 3), the response induced by a trapezoidal pulse with such a short rise time
is practically equivalent to the response induced by a rectangular pulse of the same duration. Setting the pulse duration
significantly longer than the rise time is the only sensible choice if the pulse is to resemble a rectangular shape, which is
generally desired.

S E/Vm! Uu/v
(a) 1071 1.5 Foiiiin,
1.0 ¥
0.5
=/ pus 0.0 ; + ; t >t/ us
0 2 4 6 8 10 0 2 4 6 8 10
E/Vm'! U/v
(®) 107 151
10 §
0.5 ]
t/ps 0.0 } . - . =t/ us
0 2 4 6 8 10 0 2 4 6 8 10
S E/Vm™! Y
(©) 10 15T
10§
0.5 1
} : - t/us 0.0 - - - - >t/ us
0 2 4 6 8 10 0 2 4 6 8 10

Fig. 3. A rectangular pulse (Ieft) and the induced A, (1) (right). () T, =200 ns; (b) T, =1 us, (c) T, =5 us. The thicker line corresponds to the
response in a physiological medium, and the thinner line to the response in a low-conductivity medium. The dotted line gives the value of 3/2 ER (the
steady-state value of Ad,,, a 6= 0, according to the most simplified relation between E and Ad,,, see Eq. (2) and the subsequent commentary). For
parameter values used in the calculations, see Table 1.
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Fig. 4. An exponential pulse (left) and the induced A, (1) (right). (@ 7, =1 us; (b) 7,=5 us; (¢) 7,=20 us. The thicker line corresponds to the
response in a physiological medium, and the thinner line to the response in a low-conductivity medium. The dotted line gives the value of 3/2 ER.

3.3. Exponential pulses

Exponentially decaying pulses are also widespread in the applications [31-33]. Since the inducement process is not
instantaneous, it is obvious that with pulses of this shape, neither the steady-state Eq. (1), nor the first-order response given
by Eq. (3) enables the evauation of the induced voltage. The derivation of A, (t) in response to an exponentia
(exponentially decaying) pulse is given by Eq. (A12d) in Appendix A. Fig. 4 shows time courses of Ad,, induced by three
such pulses, with time constants of 1 us, 5 us, and 20 us, respectively, each of the responses plotted for both a
physiological and a low conductivity medium.

Because the exponential pulses are inherently time-varying, the influence of pulse duration (determined here by the time
constant of the pulse) on the shape of Ad,, and its maximum value is probably most apparent with this type of pulses.
Typical time constants of the pulses used in experiments lie in the range of ms, and focusing on the range of first several us
of such pulse, provided that the physiological medium is used, the pulse resembles a rectangular pulse. Therefore, we can
evaluate the peak value of the induced voltage using the Eq. (1) without any crucial inaccuracy. On the other hand, a
decrease in medium conductivity slows the inducement process significantly. As Fig. 4 shows, it is generally very hard to
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Fig. 5. A sine wave (left) and the induced Ad,(t) (right). (&) w/27 = 100 kHz; (b) w/27 = 1 MHz. The thicker line corresponds to the response in a
physiological medium, and the thinner line to the response in a low-conductivity medium.
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Fig. 6. A train of rectangular pulses (Ieft) and the induced AQ, (1) (right). (@) T, =200 ns, T,=400 ns; (b) T, =1 us, T, =2 us. The thicker line
corresponds to the response in a physiological medium, and the thinner line to the response in a low-conductivity medium. The dotted line gives the value
of 3/2 ER.

predict the peak value of the induced voltage, since the shape of the response strongly depends on the medium conductivity
(it is influenced by other parameters as well).

3.4. Sne-modulated pulses

In the recent years, several papers have reported an improved efficiency of electroporation and electrofusion obtained by
modulation of rectangular pulses with a radio-frequency sinewave [34,35]. Without getting involved in the discussion about
the mechanisms of improved efficiency, we present the analysis of the time courses of A, induced by a sine-shaped
electric field. Since the response induced by a modulated pulse is a combination of responses to a rectangular pulse and to a
sine wave, the effect of the latter component is best studied separately. The derivation of A®,_ (1) in response to a sine wave
is given by Eqg. (Al14d) in Appendix A, while the response to a sine-modulated rectangular pulse is derived in Eq. (A16).
Fig. 5 shows time courses of A®,, induced by two sine waves with frequencies of 100 kHz and 1 MHz, respectively. Each
response is plotted for both a physiological and a low conductivity medium.

We see that with increasing frequency, the amplitude of the induced Ad,, decreases. Since the low conductivity medium
slows down the dynamics of voltage inducement, the attenuation of the oscillations in the induced transmembrane voltage
occurs at much lower frequencies. Therefore, the efficacy of modulation in such a medium is questionable.

3.5. Trains of pulses

When trains of pulses are applied, the gap between consecutive pulses is in most cases much larger than the pulse
duration. Therefore, the transmembrane voltage induced by a pulse practically disappears before the next pulse occurs.
Response to each pulse is dictated by this pulse only and can be treated separately from the responses to other pulses. The
gap between pulses can, however, be decreased to such an extent that the next pulse starts before the response to the
previous one completely fades away. In this case, the impact of superposition of single responses becomes evident. Fig. 6
shows two examples of responses to such trains of rectangular pulses.

4, Conclusions

Besides providing atool for general analysis of time courses of transmembrane voltage induced by different time-varying
electric fields, the presented method allows to calculate a particular response to a pulse of given shape and duration, time
constant, or modulation frequency. In this manner, the method can be used when deciding on the pulse parameters that
would provide a specific value of induced transmembrane voltage and (or) retain this value for a specific duration.

There is another important (though at the present time still hypothetical) utilization of the presented method. As the
computer capabilities increase, molecular dynamics simulations of lipid bilayers promise to reach time ranges of
microseconds within several years[36]. Since the time of pore formation in electroporation is also estimated to lie within the
microsecond range [15,37], the opportunity could soon arise to simulate electroporation on a molecular level. For such a
simulation to yield realistic results, it is essential to model all the details as authentically as possible, including exact time
course of transmembrane voltage induced by a given pulse of electric field strength.

One of the important conclusions of this study is the necessity to determine the conductivity of the medium used in a
particular experiment. This conductivity strongly influences the dynamics of induced transmembrane voltage, and hence
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Table 2

Critical values of pulse parameters

Pulse type Parameter Critical value Explanation

Rectangular Pulse duration <1pus? Induced voltage does not reach 90% of the steady-state
<13 ps® value predicted by A®,, = 3/2 ER cosf

Exponential Time constant <20 us? Induced voltage does not reach 90% of the steady-state
< 260 us’ value predicted by A®,, = 3/2 ER cosf

Sine-modulated Sine frequency > 170 kHz? Amplitude ratio between the offset and the sinein A@, (1)
> 14 kHz° falls below 90% of the sameratio in E(t)
> 5.5 MHz? Amplitude ratio between the offset and the sinein A@, (1)
> 600 kHz" falls below 10% of the sameratio in E(t)

#Physiological medium (A, =3.0x10"1 Sm™1).
®Low conductivity medium (A, =1.0x10"2 Sm™1); other values used in this estimation are given in Table 1.

imposes the range of pulse duration (and, though to less extent, the pulse amplitude; a thorough treatise of this problem is
given in Ref. [10]). Fig. 5 gives an illustrative example of this influence, as the use of low conductivity medium practically
eliminates the response to a 1 MHz sine wave.

Generally, each pulse shape is characterized by a key parameter (e.g., pulse duration, time constant, or sine frequency).
One can define a certain critical value of this parameter, above (or below) which the differences between the steady-state
results (given by Eq. (1)) and the dynamic anaysis (based on the expressions for the time courses given in Appendix A)
become obvious. Table 2 gives the key parameters of investigated pulse shapes and the estimations of pertaining critical
values for both physiological and low conductivity medium.

Another very important value to bear in mind when designing the pulses for electroporation or electrofusion is the radius
of the cells used in the experiment, since the amplitude of induced transmembrane voltage strongly depends on cell radius, 2
as Egs. (6) and (10) revedl.

Finally, we should also mention that the presented model, though aready fairly complex, does not account for the fact
that permittivity of any material is also frequency dependent. This dependence becomes apparent when components in the
MHz range are present in the harmonic spectrum of E(t) [38]. Some dielectrophoretic and electrorotational measurements
imply that even in highly conductive extracellular solutions, very short pulses (or very high field frequencies) consistently
induce lower transmembrane voltage than predicted theoretically [39,23]. If the model was expanded further by taking into
account the frequency-dependent behavior of &, &, and &,, it might offer an explanation for these results.
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Appendix A
A.1l. General principles

As shown in Fig. 2, three steps are necessary to obtain the time course of transmembrane voltage A®,(t) induced by a
given time course of electric field strength E(t). First, the Laplace transform of E(t) is calculated:

E(s) =Z[E(1)] (A1)
A, (s) is then obtained as

Ad,(s) =E(s)-F(s)-Rcosé (A2)
and the inverse Laplace transform of this expression yields the time course A, (1):

A, (1) =Z AP, (9)]. (A3)

This method is useful for simple mathematical functions E(t), for which both the Laplace transform and the inverse

2 A first look at Eq. (10) might suggest that the amplitude of A, is exactly proportional to R. This is not true, however, since F(s) is also a function
of R
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Fig. 7. An example of two consecutive applications of superposition principle. (a) Superposition of two oppositely signed step functions gives a rectangular
pulse. Due to the linearity of the transforms, superposition of responses to these step functions yields a response to this rectangular pulse. (b) Superposition
of shifted pulses yields a train of pulses, and superposition of responses to single pulses (which were constructed by the first superposition) results in the
response to the train.

transform of corresponding Ad, (1) given by Eq. (A2) are easily calculated. As for the more complex functions E(t), many
of them can be represented in the form of a linear combination of these simple functions:

E(t) =K, E(t) +K,-Ey(t) +... +K, - E(1). (A4)

Since both the Laplace transform and the inverse Laplace transform are linear operations, the response A, (t) induced
by E(t) which conforms to (Eq. (A4)) can be obtained as a sum of partial responses, i.e.,

AD (1) =K, - AD (1) + Ky - AD () + ... +K, - AD, (1) (A5)

where A, .(t) denotes the response to E;(t) alone. Based on this property, A, (t) induced by a rectangular pulse of
amplitude E, and duration T can be calculated as a sum of two step responses bearing opposite signs, with amplitudes + E,
and —E,, the second step response delayed for T with respect to the first one. Similarly, a response to trapezoidal pulse of
duration T and rise time T, is obtained as a sum of four ramp responses, the last three shifted after the first one by T,
T—T,, (presuming thereby T = T,,), and T, respectively (the terms signed +, —, —, and +, respectively, for a positive
pulse). Using the rules of linearity once again, we can take the obtained pulse response and consecutively superimpose an
array of shifted pulse responses, thus determining the response to a series (train) of pulses. The described example of
multilevel superposition is sketched in Fig. 7.

A.2. Rectangular pulses

We first calculate A, (1) induced by the unit step function (we denote the step response by AQ, ,):

E(1) = ug(t) (A6a)
E(s) = % (ABb)
ADi(s) At @St as’

T_F(S).E(S)_ b,s+b,s” + b,s® (AGe)
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a,b, agb,
— —a, + —
AD (t a a a 2b 2 2b !
ml()=_3.uo(t)+ _l__3+ 1 S '(1—677_1)'U0(t)
R b3 2b1 2b3 bg_ 4blb3
a,b, agb,
— _a T
al a3 2b1 2 2b3

t
— - (1—e" %) up(t). A6d
2b;  2by /b2 — 4b,b, ( ) () (A&

The constants from a, up to b, are given by Egs. (9a), (9b), (9¢), (9d), (9e) and (9f) in the main text, and the time
constants 7, and 7, are given by:

2b, (A60)
T, = y €
" b,— /b2 —4b,b,
2b,
(ABf)

T,= .
> b,+ /b2 — 4b,b,

We choose to represent the powers of the exponential parts in Eq. (A6d) in terms of 7, and 7,, because the time
constants given by Eqgs. (A6e) and (A6f) characterize the responses to all the treated functions E(t), as we shall see later.

Eq. (A6d) gives the response normalized to both the cell radius (R) and the amplitude of electric field strength (E). To
obtain the actua response, the amplitude has to be scaled by both R and E. A closer look at Eq. (A6d) revealsthat at t — 0
the normalized response equals a,/b,, and with t — it approaches a, /b,.

To obtain the response to a rectangular pulse, we combine two step responses, as described before and illustrated in
Fig. 7:

AP, (1) = AD (1) - Up(t) — AD,(t—Ty) - ur(t) (A7)

where T, is the pulse duration.

Using the superposition principle once again, we can formulate the response to a train of pulses as:

A, (t) = kgo [A(pml(t —KT,) - Usz(t) —AD((t—Ty) — sz) ) UT1+sz(t)] (A8)

where T, is again the pulse duration, and T, is the pulse period (time elapsed between consecutive pulses). To evaluate the
response in a finite time range, e.g., up to t =T, one only has to evaluate the sum up to k=T, /T,.

A.3. Triangular and trapezoidal pulses

To analyze the response to a triangular or a trapezoidal pulse, we first determine the response induced by the unit ramp
function, denoting this response by A@, (1)

E(t) = (1) - Ug(1) (A%a)
1
E(s) = e (A9Db)
AD,(S) a, +a,s+ a,s?
——~= =F(s)-E(s) = ASc
R (s)-E(s) b,s* + b,s® + b,s* (A%)
ab; ab, abl
B - -a
AD (1) a a, ab b 2b, 2b2 ° t
A=—l-t-uo(t)+ 2 _ 122+ ! ! ! -(1—e’71)-u0(t)
R b, 2b,  2b; \/b§—4b1b3
ab; ab, ab3
- —-a
a, ab b 2b, 2p? ° t
= -2 -2 = ! (1-e 5 - up(t) (A9d)
2b,  2bi \/b§—4blb3

where the constants from a, up to b, are given by Egs. (9a), (9b), (9¢), (9d), (9e) and (9f) in the main text, while 7, and 7,
are defined by Egs. (A6e) and (A6f), respectively.
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The response to a symmetrical triangular pulse of duration T, is then given by:

Tl
AD (1) =AdD, (1) - ug(t) —2- A(Dmt(t - ?) . uE(t) + AP, (t—Ty) - ur (1) (A10)
2
whereas the response to a symmetrical trapezoidal pulse of duration T, and rise time T, is expressed as:
AD (1) = AD, (1) - Ug(t) — Ady (1= Top) - U, (1) = AD (= (Ty = Top) ) Up, 7, (1) + Ady (1) (= Ty)ur(1).
(A11)
To obtain the response to atrain of pulses, we gather a series of shifted pulse responses into a sum on the analogy of the
principle presented by Eq. (A8).
A.4. Exponential pulses

For an exponentially decaying pulse with time constant 7,, we denote the induced transmembrane voltage by A@mexp(t)
and compute:

t
E(t)=e 7, - uy(t) (Al2a)
E(s) = — (A12b)
s+ —
)
AD s a, +a,s+a,s’
M=F(s)£(s)= - (A12c)
R (b, +b,s+bys)(s+7,)

AP t a,72—a,r, +a t
mexp( )= lp2 2'p 3 'e_r_,,'uo(t)
R b7, — b,7, + by
NER ash, a,b, asb,b, a,b, a,b? |
. ( b3 —a 'Tp+3.2— b3 azbl—T—z—bs 'Tp+alb3—8.3bl—7 2b3
2+ (byr? — by, + by) (by72 — by, + by) /b2 — 4b, b,
L t |
Ty € 7 Ug(t)
[ azh; ash, b, agh;b, a,b, a3h? |
X b—a—al 'Tp+a2—b—3 5 1—7—2—b3 -Tp+alb3—a3bl—7+2b3
2- (byr? — b7, + by) (by7? = by, + by)yb3 — 4b;b,
L t |
T, € 7, Ug(1). (A12d)

This solution already gives a response to an exponential pulse. To obtain a response to a train of exponential pulses, we
again follow the logic presented by Eq. (A8), only this time the expression is even simpler. For a pulse period T,, it reads:

A1) = X Mt~ KT (1) (A13

A.5. Sne(RF)-modulated pulses

First, we caculate the transmembrane voltage A, ;,, induced by a sine-shaped E(t):

E(t) =sin wt-uy(t) (Al4a)
E(s) = o (A14b)
A(pmsin( S) _ w(al Tas+ aSSZ) (A14C)

R (b; +b,s+bys?)(s* + w?)
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AD (1)  ab, + (ayb, —a,b; —asb) w? + a;by0*
R b? + (b3 — 2b,b;) w? + b2w*

“sinwt- uy(t)

(ayb; —ah,) 0+ (a;b, — a,b;) 0°
bf + (b% - 2b1b3)a)2 —+ b§w4

- CoS wt - Uy(t)

I a,b,b, a,b?
2 2 P12 1M2
a, b2 a, bl a3 bl - bl b3 — 5 + 5
- +
2 2 /b2 — 4b, b,
+
bf-!— (bg— 2b1b3)w2+ b§w4
a,b,b, abz |
2 2 M2 M3 392
a, b3 a, b2 a b3 — a3 bl b3 — 5 + 5
- +
2 2 /b2 — 4b, b, , t
+ cw- e 5, Up(t
bZ + (bZ — 2b,b,) w? + blw® o o(1)
I a,b,b, a,b?
2 2 P12 1M2
a, b2 a, bl a3 bl - bl b3 — 5 + 5
2 2 /b2 — 4b, b,
+
bf-!— (bg— 2b1b3)w2+ b§w4
a,b,b, abz |
2 2 M2 M3 32
a, b3 a, b2 a b3 — a3 bl b3 — 5 + 5
2 2 b2 — 4b,b t
+ /b5 — 40.b, 0 | w e ug(t). (Al4d)

b2 + (b2 — 2b,b;) w? + BZa*

To obtain a response to a sine-modulated step function, we add the step response to the calculated response:
Aq)msmp =AD g + Aq)ml (A15)

where it is presumed that both responses have already been scaled: A®, ;,, by R and the amplitude of sine-shaped E(t), and
Ad,, by R and the amplitude of step-shaped E(t). To get a response to a sine-modulated pulse with duration T,, we simply
have to take the response given by Eq. (A15), and subtract an equivalent response at t = T;:

A@m(t) = Aq)msmp(t) : uO(t) - Aq)msmp(t - Tl) : uTl(t)' (AlG)

The response to a train of sine-modulated pulses is then calculated using the principle from Eg. (A8).
A.6. Possible simplifications of the calculated expressions

Using a computer, one can easily evaluate the expressions given in the preceding subsections. Nevertheless, when
realistic values of the parameters are considered, these suggest several possibilities for simplifications. Firstly, membrane
conductivity is by several orders of magnitude smaller compared to the conductivities of the cytoplasm and the extracellular
medium (see Table 1):

A << A, A, (A17)
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Secondly, membrane thickness is about a thousand-fold smaller than cell radius:
d<R (A18)

One generally justifiable simplification emerges from a thorough analysis of expressions in Eqgs. (A6d), (A9d), (A12d) and
(A14d). Using redlistic values of the parameters (see Table 1), it shows that the amplitude of the exponential term involving
7, isaways much smaller (at least four orders of magnitude) than the amplitude of the term involving ;. Thus, the partial
response pertaining to =, can be neglected without serious consequences, giving the system an apparent first-order nature.

Based on Egs. (A17) and (A18), some terms in the expressions describing a;, a,, a;, by, b,, and b, given by Egs. (92),
(9b), (90), (9d), (9e) and (9f), appear negligible in comparison to the others. One should, however, be very careful when
deciding to eliminate these terms. Since the apparently largest terms often cancel out after a full expansion of the
expression, the seemingly negligible terms that include d, or A,,, sometimes play a major role in determination of the
response. An example of an invalid simplification can be illustrated using expression for 7,, given by Eq. (A6e); if
expressions describing b,, b, and b, are primarily modified by eliminating the terms involving A, and then inserted into
Eg. (A6e), the computation yields 7, = 0, which is obviously wrong. If, however, dl the terms are retained until the
expression is fully expanded, and the approximations are applied to this expression, one obtains a solution which yields a
more plausible estimation of 7, (due to the size of the expanded expression, we avoid its explicit formulation here).
Commonly, an additional postulation is used that both the extracellular medium and the cytoplasm are purely conductive:

& =¢,=0. (A19)
As al the termsinvolving ¢; and ¢, are left out, the size of the expression is vastly reduced. Though in case of a genera

system, the appropriateness of this procedure may be questioned, when used with the parameter values representative for a
cell suspension, the resulting expression

Ren(A +2A,)
T ORAL(A +22,) + 2dA A,

Ty (A20)
can be shown to never deviate more than 2% from the complete expression given by Eq. (A6e).
Expressing &,,/d as membrane capacitance (c.,) yields the well-known expression for the time constant of the
membrane as given by Pauly and Schwan [11]:
RC,
T 72X, R

——— + =
A+2x, d "

(A21)
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